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Model predictive control for uncertain nonlinear systems subject to
chance constraints

Shuyou Yu, Ting Qu, Rolf Findeisen and Hong Chen

Abstract— This paper presents a model predictive control
scheme for a class of stochastic nonlinear systems subject
to chance constraints. The applied control is composed of a
nominal control action which is based on the solution of a tight-
ened deterministic optimal control problem and an ancillary
control law. The ancillary control law fights the uncertainties
in between sampling times. Chance constraints satisfaction as
well as convergence in a probabilistic sense of the closed loop
system are discussed. The overall approach is only slightly
more computational expensive than the corresponding nominal,
deterministic model predictive controller. The approach is
illustrated by a numerical example.

I. INTRODUCTION

Model predictive control (MPC) has received great atten-
tion over the past decades. The success of MPC is mainly
due to its capability to explicitly handle state and input
constraints. In “standard” deterministic MPC [1,2] a finite
horizon open-loop optimization problem based on the current
system states is solved. Only the first part of the obtained
input trajectory is applied to the system, and the optimal
control problem is solved again using the updated state,
leading to an update of the input.

However, many systems are uncertain or with respect
to disturbances. Robust MPC schemes have been proposed
to guarantee stability and constraints satisfaction, which
mainly consider bounded disturbances or uncertainties. The
assumption of bounded disturbances or uncertainties does
not hold or lead to conservative behavior. One way to tackle
such systems is to consider the stochastic disturbances and
to use Monte Carlo based approaches [3,4]. Other MPC
schemes, also used here, handle stochastic uncertainties by
predicting the behavior of a suitable nominal system, and
replacing the chance constraints by tightened deterministic
constraints. In case that the disturbances are Gaussian and
the system is linear the resulting problem can be relaxed to
a standard deterministically constrained MPC problem [5].
In [6-9], stochastic expansions of so called tube based MPC
for linear systems are proposed. Often, Cantelli’s inequality
is used to replace the chance constraints by deterministic
constraints [6,7]. This, however, is limited to constraints,
of which each is a linear function of one state variable.
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Multivariate Chebyshev’s inequality is used, for example, in
[9], allowing the constraints to be linear combinations of
states and inputs. Chance constraints are handled directly
using the concept of probabilistic invariance in [10,11],
there confidence ellipsoids in the state space, or polytopic
sets that are known to contain the vector of uncertain
parameters with a given probability are used. Stochastic MPC
for nonlinear systems has received only little attention, c.f.,
[12]. Under the assumption that the optimal stochastic cost
function is continuous, stability of model predictive control
for continuous-time stochastic systems is studied in [13].
Model predictive control of nonlinear systems subject to
probabilistic parametric uncertainties exploiting polynomial
chaos expansions has been investigated in many works [14,
15], establishing strict stability results for polynomial chaos
based methods is, however, challenging.

In this paper, a stochastic model predictive control scheme
for a class of nonlinear systems with chance constraints
is proposed. Multivariate Chebyshev’s inequality is used to
reformulate stochastic chance constraints into deterministic
constraints. The control law is composed of an open-loop
control part and a closed-loop, permanently applied ancillary
control law. The open loop control input is obtained by
solving repeatedly a finite horizon optimization problem with
tightened constraints. The approach guarantees recursive
feasibility, and has almost the same online computational
burden as the nominal MPC for deterministic systems.

In Section II the problem setup and necessary preliminary
results are stated. The control scheme, including the chance
constraints, and the ancillary control law, is introduced in
Section III. Chance constraints satisfaction and convergence
results are presented in Section I'V. In Section V, a simulation
example demonstrates the features of the proposed scheme.
Section VI concludes the paper with a brief summary.

Basic Nomenclature and Definitions:

For an random vector s, E[s] and C,,[s] denote the
expectation and covariance matrix of s, respectively. Given
two events A and B, P.(A|B) denotes the conditional
probability of A given B. For a symmetric matrix X € R"*",
X > 0(X = 0) denotes that X is a positive (semi-) definite
matrix, and X < 0(X =< 0) denotes that X is a negative
(semi-) definite matrix. Furthermore, ||s|/as := V' sT Ms for
M = M7 = 0. The Pontryagin difference of A € R™ and
B € R"™ is defined as [16] A O B = {x eERY z+y €
A Vy e B }, while the Minkowski sum of A and B is given
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multiplication of a set B C R™ by a matrix A € R™*" is
given by [17] AB = {c € R™ | 3b € B,c = Ab}.

II. PROBLEM SETUP & PRELIMINARIES

We consider a continuous-time nonlinear system with
respect to stochastic disturbances

&= Az + g(x) + Bu + Byw, (1)

where the term g(-) is assumed to be differentiable, and
9(0) = 0. The disturbances w(t) with E[w] = 0 and
Cop [wi(s),w;(t)] < &(t — s)a? are independent, identically
distributed noise, where ¢(-) is a Dirac delta function, and
o > 0 is a given constant.

The control input and system state have to satisfy chance
constraints of the form

P {z(t) € X} > p,

P.Au(t) eU} > p, Vt>0, 5

with p € (0,1), where X and U are compact sets. Perfect
state information is assumed to be available at all times.
We denote
& = Az + g(%) + Bu, 3)

as the nominal system.

The applied control signal consists of a nominal, open-
loop, input % and a locally time-varying state feedback
K(t)v, ie., u = u+ K(t)v, where v := x — T denotes the
error between the real system (1) and the nominal system (3).
The error dynamics are given by

v:=Av + g(x) — g(Z) + BK(t)v + Byw. 4

The objective of this paper is to develop an MPC scheme for
the systems (1) that allows to satisfy the chance constraints
and is computational attractive. The basic idea is to calculate
the open-loop input at discrete sampling times, to predict
the nominal dynamics (3) with the nominal control input u,
and to tight the disturbances in between samplings by the
linear control law such that the probabilistic constraints are
satisfied.

III. MODEL PREDICTIVE CONTROL

In this section we outline the MPC scheme consisting of
an online calculated open-loop input based on the repeatedly
solution of a nominal MPC problem at the sampling times,
and a local control law calculated offline which is used to
keep the uncertain trajectory close to the nominal trajectory.

A. Ancillary control law

First, note that since g(h) is differentiable, there always
exists a T := (1 — ¢)x + ¢z for some ¢ € [0,1] such that
Eq.(4) can be rewritten as

v =Av + g(z) — g(Z) + BK(t)v + Byw

dil(hh) lh—sv + BK(tyo + Byw  (5)

=A(t)v + BK(t)v + Byw,

=Av +

where A(t) £ A+ d?i(:) lh=z-

Assumption 1: There exists a locally control law K (¢)
such that A(t)+ BK (t) is asymptotically stable for all ¢ > 0.

Suppose that v(0) = 0, then the mean of the error v(t) is
given by

E(t)] =E [ /O t e ME=T) B w(r)dr

t
_ / A=) B Blu(r)]dr = 0
0

with Ay (t) £ A(t) + BK(t).
Furthermore, the covariance of v(t) is given by

E [v(t)v(t)T}

t t
/ / e By (n)
0 JO

w(Tg)TBgeA“l(72)T(t_72)d7'1d7'2

=F

t t
:/ / A= BB [w(r)w(re)”]
0 0
B’Z:eAcl(TQ)T(t_Tz)dTlde

t
jOZ2 / eACl(T)(th)BngeAcl(T)T(tfr)dT.
0

Thus, with T'(t) := fot eAa (M=) B BT cAa(M) (t=7) g7
we have that

E [v(t)o®)"] 2 o’T'(t).

I'(t) is a time-varying controllability gramian of
(Acr, Byw) [18,19], which is the solution of

dr(t)

dt

Since e« (M(t=T) B BT eAa(m)"(t=7) + (0, T(t) is mono-
tonically increasing with time ¢. Suppose that lim;_, o I'(%)
exists. Without loss of generality, denote lim;_, . I'(¢) =T
Then, T" > T'(¢) for all ¢ > 0.

We propose to use linear differential inclusion (LDI) to
obtain static linear control gain K and I'. Suppose that for a

static linear control law K v and for each & € X there exists
a linear differential inclusion €2 such that

[Aa(t) Buw] € Vi€ X and t. (7

= BB + A (t)T(t) + T(t) AL (1), T(0) = 0. (6)

Then every trajectory of the error system (5) is also a
trajectory of the LDI defined by 2.

Suppose that the linear differential inclusion € is a poly-
tope described by a list of its vertices,

Q::C’O{[ A1 B, :Iv"’?[ AN By ]}7

where N is the number of vertex. Then, (6) can be re-
duced to an algebraic matrix equation, if there exist time-
invariant matrices I' and K such that (6) is satisfied for all
[Ai Bw] € Q, i € [1,N]. Moreover, the corresponding
algebraic matrix equation can be solved by linear matrix
inequalities (LMIs).
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B. Deterministic reformulation of the chance constraints

Satisfication of the chance constraints in a deterministic
MPC problem requires to reformulate them in a deterministic
way. For shortness of presentation, we denote the covariance
of v as 3, ie., ¥ := Cypy[v], and H = «?T'. Furthermore,
for a fixed € > 0, we define the two sets

Dy, = {v € R" | oIy < e}
Dy :{v c R |’UTH71U < e}.

Then, if E[v] = 0 and E[vvT] < T, we have that
> < H and Dy C Dy. Furthermore, due to Multivariate
Chebyshev’s inequality [20,21], P.{v € Dx} > 1 — ”7“:
Thus, P.{v € Dy} > 1 — %=, and the state of the error
system satisfies P.{o" H 'v < €} > 1 — 2= Choosing
p =1— "=, we know that the system states are in Dy with
probability p:

P, {v(t) € Dy} > p,Vt > 0. (8)

Choosing the sets Xy and U as follows

Xo=X0ODpgy

©)
Uy =U © KDy,

then the constraints (2) are satisfied with probability p if
T € Xy and u € Uy.

C. Sampled-data open-loop control input

Similar as in [22-24], the opne-loop control input is
obtained by the solution of an optimal control problem
subject to the nominal dynamics (3). To achieve satisfaction
of the probability constraints, tightened, deterministic con-
straints * € Xy and u € Uy are used. As the cost function
we use

J(Z(tg), (- 2(ty))) == S (Z(tk + Tp, (tr))) +
te+T)p - ~ ) - B ) (10)
/f 1z (75 2(tk)) I + [l (73 2(tk)) [ RdT,

where T}, is the prediction horizon, Q € R"**"» and R €
R™*"u are positive definite weighting matrices.
We use a terminal set Xy := {Z € R | S(Z) < o} with
a > 0 and a terminal penalty S(Z) to guarantee stability and
recursive constraint satisfication. To this end, we assume that:
Assumption 2: (Terminal region, terminal penalty) There
exists a control law 7(Z) such that [2,25]:

BO. X C X,
Bl1. W(.’f) € U for all Tz € Xf,
B2. S(z) satisfies a3(]|Z||) < S(Z) < aq(]|Z]]), and

05(z
%) (47 + () + BO) + 127 @) <0 (D)
for all z € Xy, where as(-) and a4(-) are class Koo
functions, and {(z,u) := ||:zc||%2 + |Jul%.

We will use two optimization problems to derive feasible
open-loop input for satisfication of the chance constraints.

Problem 1: (nominal case)
minimize J(Z(ty), a(;
a(3(te))
subject to
T = Az + g(z) + Bu,
i’(’r,f(tk)) € Xy,

ﬁ(T; f(tk)) € U,

Z(te + Tp; 2(te)) € .
Problem 2: (constraint tightening)

Z(tx)))

Z(ty) is given,
T € [tk,tk +Tp),
T E [tk,tk +Tp)7

) T nG )

subject to

= Az +g¢(z) + Bu,

x(tg) — z(ty) € Dy,
Z(t; Z(tr)) € X, € [th, te +T)p),
u(r; Z(ty)) € Uo, € [ty tr + Tp),
Z(ty + Tp; T(tr)) € Xy

Compared to Problem 1, z(t;) — Z(tx) € Dy is added and
Z(tx) is optimized in Problem 2. Furthermore, in Problem 2
directly the updated system state x(t;,) enters, which captures
the present disturbances. In the following, the @* (7, Z(tx))
denotes the optimal input, and z* (-; Z(tx)) the predicted
trajectory of (3) starting from Z(¢j) driven by the optimal
input @* (+; Z(tg)), where 7 € [tg, tr + T}).

For implementation, either Problem 1 or Problem 2 is
solved. For simplicity, we consider an equidistant sampling
time d, t; = 0 - k. The nominal control during the sampling
interval, the times ¢; when the open-loop problem is solved,
is given by

u(r) = a* (1 2(tx)) ,

The applied control input to the system is given

a(r)+ K (x(1)

Note the continuous feedback term, given by the ancillary
control law K (-), is introduced.

It is known that sampled-data MPC stabilizes the nominal
system if the terminal conditions BO-B2 are satisfied [1,2].
Furthermore, the optimal value function J* satisfies

T @(t+6.3(0).) =T @),
*/0 12t + 7, 2D + lalt + 7, 2(t))[|%)dr, (13)

which will be used to prove the convergence of the real
systems under control.
The proposed MPC scheme is formally described by:
Algorithm 1: (Nonlinear MPC with ancillary control law)
Step 0. At initial time ¢o, let T(tg) = x(tp) where
x(tg) is the current state. Solve Problem 1 to obtain
the nominal control input «(7) and the applied control
input u(7), T € [to,to + J]. Precede to Step 2.
Step 1. At time ¢, nominal state Z(t;) and real state
x(tg):

(i) If 2(tx) — Z(tx) € Dp, solve Problem 2 to obtain

€ [tr,tx +0). (12)

u(r) == —x*(1;%(tk))), 7 € [tg, tx +9).
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u(7), Z(tx), and calculate u(7), T € [tg, tg + 9.
(i) If z(ty) — Z(tx) ¢ Du, solve Problem 1 to obtain
u(7), and calculate u(7), 7 € [tg, tx + 0]
Step 2. Apply u(r) for 7 € [tg, tg + 9.
Step 3. Obtain x(txy1) and calculate Z(tx4+q) for
tgy1 =1t + 9, set k:=k + 1, precede to Step 1.

IV. CHANCE CONSTRAINTS SATISFACTION &
CONVERGENCE

We discuss the properties of the closed-loop system under
control, i.e., chance constraints satisfaction and convergence
of the system dynamics in a probabilistic sense.

A. Chance constraints satisfaction

We emphasize that z(t) — Z(t) € Dy with probability p
for all ¢ if z(to) = Z(to) for some . That is, 2(t) € X and
u(t) € U with probability p for all ¢ since Z(t) € X, and
a(t) € Uy for all ¢. For simplicity, we use t,,4+1 := t,, + 9.

Three cases are considered to prove chance constraints
satisfaction.

Event A: o(t,) =0,

For t € [ty, t,, + 1)), there exists @(t, Z(t,)) such that

° i‘(t,jﬁ(tn)) € Xo, ’a(t,j?(tn)) €Uy

o T(tn +Tp,x(ty)) € Xy.

Event B: v(t,11) € Dy,

For t € [tyy1,tn + Ty,

o Z(t,T(tny1)) € Xo, u(t, T(tnt1)) € Uo

. J_J(tn + Tp,f(tn+1)) € Xf,
and for ¢ € [t,, + Ty, tnt1 + Tp).

« a nominal trajectory starts from Z(t, + T, Z(tn41))

under the control law 7(+).

Event C: v(t,) =0, and v(t,+1) € D,

For t € [ty,, ty41 + 1)), there exists @(t, Z(t,)) such that

° j?(t,j?(tn)) € X, a(t,f(tn)) €Uy

. i‘(tn_;,_l + Tp,f(tn)) S Xf.
and for t € [t,, + Ty, tni1 + Ty,

o a nominal trajectory starts from Z(t, + Tp, T(tn+1))

under the control law 7(+).
Note that, for Event A, the actual system states x(
lie in the set Dy centered the predicted trajectory &(
with probability p which is driven by the control @(t, (¢, ))
t € [tn,tn + Tp), since z(t, Z(ty,)) = Z(t, Z(t,)) + v(t) and
v(t) € Dy with probability p.

Theorem 1: Suppose that Problem 1 is feasible at time ;.
Then, the chance constraints (2) are satisfied with probability
p forall t > tg.

Proof: Two scenarios are considered: v(t,+1) € Dy and
U(thrl) ¢ DH forall t € [thrl»tO + Tp]

(1) Suppose that v(t,,11) € Dy, choose Z(t, Z(ty+1)) :=
Z(t,z(ty)) and u(t,z(tn41)) = u(t,z(t,)) for all t €
[tn+1, tn + Tp), then the first three conditions of Event B are
satisfied. That is, the Second and Third condition of Event B
can be chosen from the segment trajectory of Event A, see
the blue line of Fig.1. Once Z(t,, + T}, Z(t,)) enters into the
terminal set X'y, it will never leave the terminal set Xy, cf.

X(ty)=x(ty)
X(15,x(1))

X(ty+7,,x(1,))

»’

v

Fig. 1. Sketch idea of recursive feasibility

Assumption 2. Thus there exists u(t,, + 7, Z(t,)) € Uy such
that Z(t,, + 7, Z(tn)) € Xp for all 7 € [t, + Tp, tng1 + Tp).
Due to the discussion above, the occurrence of Event A
implies the occurrence of Event B, i.e., P.(B|A) = 1.

Since Problem 1 is feasible at time t,, and P,{v(t)
Dy} > pforallt >0, P.(A) > p. Furthermore, P, (C)
P.(ANB) = P.(B|A)P.(A) > pin terms of P.(A) > p
and P.(BJA) = 1.

Moreover, for Event A, z(t,Z(t,)) € X, u(t,z(ty)) € U
with probability p for all ¢ € [t,,, ¢, + T} in terms of X =
X © Dy and Uy = U © KDp. The same holds for Event
C, i.e., both the actual state constraints and the actual input
constraints are satisfied in Event C.

(2) Suppose that v(ts) ¢ Dy, then Problem 1 is solved.
Due to Theorem 1 in [9], chance constraints are satisfied
with probability p.

S

In terms of induction, chance constraints (2) are satisfied
with probability p for all ¢ > ¢y if Problem 1 is feasible at
time tg. O

Note that chance constraints are satisfied for all ¢ > 0
since the disturbances w(t) can be regarded as a realization
of w(t) at t = 0.

B. Convergence

Define a function

Viz) = J(@*,a*(-,z")), (14)

which is the optimal cost function of the related problem.
Next properties of the optimal cost function are derived
which will be used to prove that the real system state
converges and stays in the set Dy in a probabilistic sense
as time goes to infinity.

Lemma 1: Suppose that Problem 1 is feasible at time g
with Z(to) = x(to), then,

(i) 0<V(z) < +oo,
(ii)) V(z) =0, for all x € Dy, and
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(iii)
V(z(t+0)) = V() <
t+6 (15)
—/ 12* (r, 2@))E) + [l (7, (1)) 7edr
Proof: (i) foflows directly from the definition of V ().

(ii) Let x(t) be an arbitrary point in Dg. Since x(t) €
0 ® Dy, it follows that z*(¢) = 0 and @*(7,0) = 0, for all
T > t, consist of a feasible solution to Problem 2. Hence
V(z) < J(0,a*(7,0)) = 0, which establishes the result.

(i) If z(t +0) —z* (t +0,z(t)) € Dy, T* (t + 0, Z(t)),
a* (7,%(t)) for T € [t + 0,¢t + Tp] and the control law 7(-)
for 7 € [t +Tp,t + 6 + T,] consist of a feasible solution to
Problem 2 at the time instant ¢ + 9.

If 2(t 4+ 0) —z* (t 4+ 0,%(t)) ¢ Dy, u* (1,z(t)) for T €
[t+9,t+T),) and the control law 7(-) for 7 € [t+T), t+0+T})
consist of a feasible solution to Problem 1 at the time instant
t+0.

In terms of Eq. (13), J( t+(5x ,) J( )S
— JollzC + 3L + lat + 7,20)|IR)dr. Since
V(z(t)) = J(@*(t),:) and V(z ( 9)) < J(@(t +
0,Z(t)), ), the proposition follows. O

Theorem 2: Suppose that Problem 1 is feasible at time ¢
with Z(tg) = z(to). Then, the system state z:(¢) converges
to Dy with probability p.

Proof: According to Eq. (15), V(z(t;)) is monotonically
non-increasing. Furthermore, the lower bound of V(x(¢x))
is 0. Thus, V(z(t)) converges as t, — oo for a bounded
and monotonic function has a finite limit. By taking limits
on both sides of Eq. (15),
e+
lim ||9?*(T,9E(tk))||2QdT

tr—00 th

< Jim V(a(te) — lim V(a(te +6)) =
Thus, z*(7, Z(t)) — 0 for all 7 € [t, tr + ] as t, — oc.
Since x(t) — z(t) € Dy with probability p for all ¢ > i,
x(t) — Dy with probability p while z(t) — 0. O

The decreasing function V' (z) converges to zero and the
nominal system state  approaches to its equilibrium. Thus,
the real system state will approach to Dy with probability
p since x(t) — Z(t) € Dp.

V. ILLUSTRATIVE EXAMPLE

We consider a simple nonlinear system of the form

. -1 2 0.5 0
o0 = |7y 3|20+ 9@y + | %3] o + [} wio
(16)
where g(z) = [0 —0.25953]T. The origin of this system is

open-loop unstable, while its linearized system is stabiliz-
able. The system is with respect to chance constraints

P {2 <u(t) <2} >0.97

Po{=3 <a;(t) <3} >0.97, 4

i=1,2.

The disturbance w € R! is assumed to be Gaussian random
with E[w] = 0 and var[w] = 0.1.

A polytopic linear differential inclusion representation
-1 2

of the nonlinear system (16) is: A; = _3 4l Ay =
-1 2 / /
_3 3] By =By = [0.5 —2] , By = Bay = [O 1] )

Solving (6) for the static case one obtains K and I', K =

[-0.9226 3.6831] and I' = g'ég‘?é 8'?2#3-

A quadratic cost function [(z,u) = 27Qz + u'Ru
with @ = diag(0.5,0.5) and R = 1 is used. Both
the terminal control law and the terminal penalty ma-
trix are computed via a convex optimization problem,
cf. [26], w(z) = [—1.1365 1.1528} z and S(z) =

8.8315  —12.8757

—12.8757  27.7728

Xy ={x € R™ | S(z) < 10}. The open-loop optimization

problem is solved at 6 = 0.1 sampling times using a
prediction horizon of T}, = 1.5.

Figure 2 shows the state trajectory starting from the state
[—2.5 —1.5]7 applying the proposed scheme. A total of 1000
simulations with var[w] = 0.1 were performed. As can be
seen, the chance constraints (17) are satisfied with proba-
bility 1 although the “worst” (in the sense of the maximum
amplitude) disturbance is |w| = 0.4289. This results from
the fact that the controllability gramian is used to bound the
covariance of v(t) for all ¢ € [0, 00), and the estimation on
the covariance of v(¢) is inevitably conservative.

For E[w] = 0 and var[w] = 0.1, P.{w € (—o0,—0.3] U
[0.3,00)} = 0.0026, i.e., “nearly all” values lie within a band
around the mean a width of three standard deviations. Note
that robust MPC schemes need to treat all possible distur-
bances no matter how small the probability of appearance
is. In contract stochastic MPC approaches as shown only
need to cope with “nearly all” disturbances which reduce
the conservativeness in a probabilistic sense.

Z. The resulting terminal set is

VI. CONCLUSIONS

This paper outlined a probabilistic model predictive con-
trol scheme for a class of continuous-time nonlinear sys-
tems with respect to stochastic disturbances and chance
constraints. The control input is composed of both a nominal
control action and an ancillary control law. The nominal
control input is determined at each sampling time by a deter-
ministic MPC formulation with tightened constraints. For the
deterministic MPC formulation, Multivariate Chebyshev’s
inequality is used to reformulate the chance constraints to
deterministic constraints. The nominal control action drives
the mean of the original nonlinear systems to its equilibrium,
while the ancillary control law maintains the error systems
within a probabilistic set. The proposed scheme has almost
the same computational burden as standard MPC for deter-
ministic systems. Furthermore, asymptotic convergence in a
probabilistic sense was proved. The price to pay is a slightly
decrease in performance.

REFERENCES

[1] D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. M. Scokaert,
“Constrained model predictive control: stability and optimality,” Au-
tomatica, vol. 36, no. 6, pp. 789-814, 2000.

2755



—0.4F

-0.5 0

Fig. 2. Exemplary time profiles for the system (16) with Algorithm 1 for disturbances w from xo = [—2.5, —1.5]T, where F[w] = 0 and var[w] = 0.1.

(21

(3]

[4]

(31

(6]

(71

(8]

(91

[10]

[11]

[12]

[13]

H. Chen and F. Allgower, “A quasi-infinite horizon nonlinear model
predictive control scheme with guaranteed stability,” Automatica,
vol. 34, no. 10, pp. 1205-1217, 1998.

D. Bernardini and A. Bemporad, “Scenario-based model predictive
control of stochastic constrained linear systems,” in Proc. 48th IEEE
Conf. Decision Contr. and 28th Chinese Contr. Conf., 2009, pp. 6333—
6338.

N. Kantas, J. M. Maciejowski, and A. Lecchini-Visintini, “Sequential
Monte Carlo for model predictive control,” in Nonlinear Model Pre-
dictive Control - Towards New Challenging Applications, L. Magni,
D. Raimondo, and F. Allgower, Eds. Lecture Notes in Control and
Information Sciences, Springer, 2009, pp. 263-273.

J. Yan and R. Bitmead, “Incorporating state estimation into model
predictive control and its application to network traffic control,”
Automatica, vol. 41, no. 4, pp. 595-604, 2005.

M. Farina, L. Giulioni, L. Magni, and R. Scattolini, “A probabilistic
approach to model predictive control,” in Proc. 52th IEEE Conf.
Decision Contr., Florence, Italy, 2013, pp. 7734-7739.

M. Farina, L. Giulioni, L. Magni, and R. Scattolini, “Output feedback
model predictive control: a probabilistic approach,” in /9th IFAC World
Congress, Cape Town, South Africa, 2014, pp. 7461-7466.

M. Lorenzen, F. Allgower, F. Dabbene, and R. Tempo, “An improved
constraint-tightening approach for stochastic MPC,” in Proc. Amer.
Contr. Conf., Chicago, Illinois, July 2015.

S. Yu, T. Qu, F. Xu, and H. Chen, “A revisit to MPC of discrete-
time nonlinear systems,” in the Annual IEEE International Conference
on Cyber Technology in Automation, Control and Intelligent Systems,
Shenyang China, 2015, pp. 7-12.

M. Cannon, B. Kouvaritakis, and X. Wu, “Model predictive control
for systems with stochastic multiplicative uncertainty and probabilistic
constraints,” Automatica, vol. 45, no. 1, pp. 167-172, 2009.

M. Cannon, B. Kouvaritakis, and X. Wu, “Probabilistic constrained
MPC for multiplicative and additive stochastic uncertainty,” [EEE
Trans. Automat. Contr., vol. 54, no. 7, pp. 1626-1632, 2009.

A. Mesbah, “Stochastic model predictive control: An overview and
perspectives for future research,” in IEEE Contr. Syst. Magazine, To
appear.

F. Wei and A. Lecchini-Visintini, “On the stability of receding horizon
control for continuous-time stochastic systems,” Syst. Contr. Lett.,
vol. 63, pp. 43-49, 2014.

[14]

[15]

[16]

(17]

(18]
[19]
[20]

[21]

[22]

(23]

[24]

[25]

[26]

2756

A. Mesbah, S. Streif, R. Findeisen, and R. D. Braatz, “Stochastic
nonlinear model predictive control with probabilistic constraints,” in
Proc. Amer. Contr. Conf., Portland, Oregon, USA, 2014, pp. 2413—
2419.

T. Mihlpfordt, J. Paulson, R. Braatz, and R. Findeisen, “Output
feedback model predictive control with probabilistic uncertainties for
linear systems,” in Proc. Amer. Contr. Conf., Boston, MA, USA, July

6-8 2016, pp. 2035-2040.
E. C. Kerrigan, “Robust Constraint Satisfaction: Invariant Sets and

Predictive Control,” Ph.D. Thesis, University of Cambridge, 2000.

P. Trodden and A. Richards, “Robust distributed model predictive
control using tubes,” in Proc. Amer. Contr. Conf., 2006, pp. 2034—
2039.

C.-T. Chen, Linear System Theory and Design.
University Press, 1999.

A. Manitius, “Controllability gramian,” Lecture notes to ECE 521
Modern Systems Theory, George Mason University, USA, 1995.

X. Chen, “A new generalization of chebyshev inequality for random
vectors,” arXiv:0707.0805v2, 2011.

S. Yu, C. Hou, T. Qu, and H. Chen, “Model predictive control of linear
stochastic systems with constraints,” in Proc. Amer. Contr. Conf., 2015,
pp. 950-955.

D. Q. Mayne, M. M. Seron, and S. V. Rakovic, “Robust model predic-
tive control of constrained linear systems with bounded disturbances,”
Automatica, vol. 41, no. 2, pp. 219-224, 2005.

S. Yu, C. Bohm, H. Chen, and F. Allgower, “Robust model predictive
control with disturbance invariant sets,” in Proc. Amer. Contr. Conf.,
Baltimore, Maryland, 2010, pp. 6262-6267.

S. Yu, C. Maier, H. Chen, and F. Allgower, “Tube MPC scheme based
on robust control invariant set with application to Lipschitz nonlinear
systems,” Syst. Contr. Lett., vol. 62, no. 2, pp. 194-200, 2013.

H. Chen, “Stability and robustness considerations in nonlinear model
predictive control,” Ph.D. Thesis, University of Stuttgart, Germany,
1997.

W. H. Chen, J. O’Reilly, and D. J. Ballance, “On the terminal region
of model predictive control for nonlinear systems with input/state
constraints,” Int. J. Adaptive Control and Signal Process, vol. 17, no. 3,
pp. 195-207, 2003.

New York: Oxford



